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Real-life signals (manipulated by physical hardware) can be expressed
using real numbers. We visualize the set of real numbers R using
points on a one-dimensional horizontal axis
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We can solve a wider range of mathematical problems (e.g., x* = —1)
if we introduce the imaginary unit, or imaginary operator, denoted by
[ (or commonly in electrical engineering by j).
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By definition,

je=-1
Hence,
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The product of real number and the imaginary operator is called an
imaginary number (e.g., j5 or —j0.35).
The sum of a real number and an imaginary number is called a

complex number. Thus, a complex number is A = A=A=A=a+ jb,
where a and b are real numbers.

The complex number A has a real part a and an imaginary part b:
Re{A} = a
Im{A} =b

Notice that the imaginary part of A is the real number b not the
imaginary number jb. Hence, imaginary number (a complex number)
should not be confused with its imaginary part (part of that number).
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A real number is a special case of a complex number that has an
imaginary part equal to zero (i.e., a = a + j0).

An imaginary number is a special case of a complex number that has a
real part equal to zero (i.e., jb = 0 + jb).

The word complex means “composed of several parts”.

The word imaginary is used because j = v—1 cannot be created in
real-life.

The a + jb form is called the rectangular form or rectangular
representation or Cartesian form of the complex number. Other forms
(exponential and polar forms) will be discussed later.
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To visualize complex numbers graphically we use a rectangular (or
Cartesian) coordinate system, with a horizontal axis (for real numbers)
and a vertical axis (for imaginary numbers).

This is called a complex plane, or
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Sometimes we represent the complex number as a line or vector, since
its behavior reminds us of the behavior of a two-dimensional vector.

Complex numbers are not vectors, xImaginary

but they exhibit similar behavior 3 A

to two-dimensional vectors, which k-

makes memorizing their alk

properties easier. S . 1 | Real
2 -1 0 2 3 4 5 6

A complex number written as 1 B

A = a + jb is said to be in the —i2k

rectangular or Cartesian form. v
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Equality:
Two complex numbers are equal if, and only if, their real parts are
equal and also their imaginary parts are equal.

Addition:
A+B=(@+jb)+(c+jd)=(a+c)+jb+d)

Example,

A+B=02+3)+B-N=0Q+3)+jB3+(-1))=5+,2
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Similar to vectors, addition (and subtraction) of complex numbers can
be done graphically using the complex plane, by completing the
parallelogram, or by drawing the vectors in a head-to-tail shape.
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Subtraction:
A-B=(@+jb)—(c+jd)=(a—c)+jb—4d)
Example,

A+B=(2+4+3)-B3-)H=2-3)+jB-(-1))=-1+j4

Multiplication: Notice there is no concept of dot versus cross product.
AB=AXB=A-B=(a+jb)(c+jd)=(ac—bd) + j(bc+ ad)

Notice that jb X jd = j?bd = —bd.

Example:

AB=02+j3)3—-j))=6—j23+j9—j2=(6+3)+,j(9—-2)=9+j7
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Complex conjugate:
The complex conjugate of a complex number A = a + jb is A* = a — jb.

For example, if A = 2 + j3, then its complex conjugate is A* = 2 — 3,
and if B = 3 — j, then its complex conjugate is B* = 3 + j.

Later on, we explain that this complex conjugate operation keeps the
complex number magnitude as is, while changing the sign of its phase.

The complex conjugate for a full complex expression is obtained by
replacing every complex term in the expression by its conjugate, or by
replacing every j in the expression by —j.
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Some useful properties of complex conjugate:
A+ A" =(a+jb) + (a—jb) =2a = real number
A—A"=(a+jb)— (a—jb) = j2b = imaginary number
AA* = (a+jb)(a—jb) = a* + b?> + jab — jab = a* + b? = real number
(A ) =(a—jb)"=a+jb=A

which also means that if A* is the complex conjugate of A, then A is the
complex conjugate of A*.
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Division:
Can multiply both the numerator and denominator by the complex
conjugate of the denominator:

A a+jb AB" (a+jb)(c—jd) (ac+bd)+j(bc—ad)

B c+jd BB* (c+jd)(c—jd) (c2 + d?)
A (ac+bd)+ _(bc—ad)
B \cz+az)  I\cztaz
Example:
A_2+j3_(2+j3)(3+j)_6+j23+j9+j2_3+j11_03+ 14
B 3-; GB-)B+) 9-j2+;3-j3 9+1 7%
Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #13

Notice that the addition or subtraction of two complex numbers in
rectangular form is easy to perform, but multiplication or division in
rectangular form is a bit more difficult. If we write the complex
numbers using the exponential or polar form, multiplication and
division will be much simpler to perform (see later).

Reasons for defining and using complex numbers:

Complex numbers represent a valuable mathematical tool to simplify
calculations in some areas of engineering analysis and/or design.

For example, in circuit analysis for alternating current (AC) systems:
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Convert voltages & currents into phasors and
convert resistance, inductance & capacitance into
impedance (real numbers into complex numbers)

| v

Set of differential Set of linear equations
equations (much easier to solve)

t |

Convert the solution back to real numbers

The conversion plus solution plus going back is much simpler & faster
than solving using real numbers.

Calculators and computer software support complex numbers.
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Another example: Filter design, and communication system design:

Convert input/output signals & system response
(real numbers) using Fourier transform into
frequency domain (in general, a complex number)

| v

Multiplication (easier to
solve & visualize)

t |

Convert the solution back to real numbers using
inverse Fourier transform

Convolution
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Euler’s identity: You might see it in four different (yet equivalent)
forms:
jo

e’?” =cosf +jsinf

e 7% = cosf —jsin6

e/t + /9
cosf = —
_ e/ — =19
sinf = 2]
Proof ...
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We can take advantage of 2 Imaginary
Euler’s identity to write
complex numbers in the A=a+jb=Ce”
exponential form. This |A|=C
exponential form (which is b=Csin©
equivalent to the polar form, ZA=6 Real
to be explained shortly) says: a=Ccos6
Think about the complex
number as a magnitude (or
amplitude) and phase (or v
angle or argument) instead of a real part and
an imaginary part (i.e., the rectangular form).
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From Euler’s identity, we can write a complex number

A=a+jb=_Cel

where:
a=Ccos0O
b= Csinf
C =+a?+ b?
b
6 = tan~?! (—)
a

You can easily see that this is true from the above triangle visualization
of the complex number in the complex plane. Notice that C is positive.
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Proof. Say we have a complex number written as
A=cCel?
Use Euler’s identity, which says e/? = cos 6 + j sin 6 to get
A=Ce/? =C(cos@ +jsin®) =Ccosb +jCsind =a+jb
Hence, we get a complex number in the rectangular form with
a=Ccosf
b =Csin6
To obtain C from a & b, square the above two equations and add them
a? + b? = C?cos? 6 + C?sin? 0 = C?(cos? O + sin? 0) = C?
C =+a?+ b?
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To obtain 6 from a & b, divide the two equations and find the inverse

b_CsinH - tan 6
a Ccosf an
b
9=tan_1(—)
a

Example: Convert complex number A = v12 + j2 into exponential
form. Solution:

C=+a?+b2=V12+4=16=4

b 2 1
0 =tan~! (—) = tan~ ! (—) = tan~! (—) = % = 30°

a V12 V3
A = 4 eJ(@/6) = 4 J30°
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For the phase (or angle), you have a choice between radians or degrees
T T T
0 = i rad = g radian = 0.5236 = 0.5236 rad = 0.5236 radian

Or,
6 = 30°
To convert from radians to degrees

9_n=>7tx180°_180°
6 6 ™ 6

To convert from degrees to radians

= 30°

9 =30° = 30°x —— =~ = 05236
B 180° 6
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I will mostly use radians, with occasional mention of degrees, but in
other courses, degrees are used more often. The use of the degree
symbol (°) avoids any possible confusion.

The transformation between the exponential (or polar) form and the
rectangular form is available on most calculators. Just be careful to set
your calculator to use either degrees or radians appropriately, as this is
a common mistake that students make.

The is similar to the mistake that can be easily made when calculating
cos 8, sin @ or tan 8, without paying attention to whether the calculator
is set to radians or degrees.
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Convert the complex number A = 4 ¢/(™/®) into rectangular form

T 3
a=CcosH=4cosg=4xg=v12

b=Csing=4sins=dxo=2
= SIn0 = sm6— 2—
A=a+jb=V12+;2

Q1. Convert B = 4 + j3 to exponential form.
Q1. Answer: B = 5 /06435,

Q2. Convert D = 2 /5% to rectangular form.
Q2. Answer: D = 1.0598 + j1.6961.
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Be careful when converting from rectangular form to exponential (or
polar) form and finding the phase (or angle) 6 using;:

b
6 = tan ! (—)
a

because the arctangent function is multivalued, and an appropriate
angle must be selected from various possibilities. For example:

1
0 =tan~! (ﬁ) = 30° or 210° or 390° or 570° or ...

So, look at the signs of a = C cos 8 and b = C sin 0 in the rectangular
form and select an angle 8 within the proper quadrant that matches the
signs of cos 8 and sin 8 (remember that C is always positive).
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Imaginary R /2 or 90° Imaginar.y‘\ /2 or 90°
Second quadrant JAr J4  First quadrant
a<0,b>0 ) ) a>0,b>0
B 3
A=—4+2 ; ; A=3+j2
I e JA|=447 12 2[1Al=36
1 [~ — = o 1 [~
J \zA =2.68 =153.43 ] A = 0.59 = 33.69°
mor-m . | L | | | | | L »  0or0° Tor—T | | | | L »  Oor0°
180°or —180° -4 -3 -2 -1 1 2 3 4R 180° or -180° 1 12 3 4 Rel
ik 1k
2 2
s B
- -
v —xt/2 or -90° v —1t/2 or -90°

Notice that tan™*(2/3) = 33.69° is possible and represents the correct answer, while
tan1(2/3) = 213.69° is also possible but represents a wrong answer for A = 3 + j2.
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Imaginary 7 /2 or 90°

A
B
2
1| or £A=21369°
T = 213.69° + 1x360° Reg
MOr=m 11 LN L Ly 00r0°
180°0r—180° 4 -3 2 -1¥X0 /1 2 3 4
|A|=3.61 1~ 2 A =255 =-146.31°
A=-3-2 2 Principal
i3 value
Third quadrant —jAf-
a<0,b<0 v —1t/2 or —90°

Imaginary /2 or 90°
AT
Br
2r
or £ A =28843°
J1I- =288.43° + nx360°
Tor,—T AN ;ealo or 0°
180°0r-180° -1.0,/1 2 3 4
-1\ €A =-125=-71.57°
—(2 - Principal
[A = 3.16 . value
-3 A=1-j3
—jd |- Fourth quadrant
-nt/2o0r—90°" v a>0,b<0

Some prefer to gives answers in the range 0° < 6 < 360°, but I recommend using the
principal value of the angle, which is —180° < 8 < 180° or — < § < m whenever possible.
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Typically, you can visualize the above sketches without the need to

actually draw them on a piece of paper.

Note that electronic calculators typically produce an inverse tangent
angle 6 that is in the range —90° < 8 < 90°. For example, both
tan~1((—3)/4) and tan~*(3/(—4)) is given by the calculator as —36.87°,
which is not always what you want, since the first case is in the fourth
quadrant, while the second case is in the second quadrant.

However, if you use the rectangular-to-polar conversion feature of your
calculator, or your calculator supports complex numbers natively, you
will get the correct angle (in the correct quadrant) for all cases.
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Negative of a complex number Imaginary

To get —A in rectangular form, Ar
al
negate both the real and Bo-A——3+]2 J -
imaginary parts of A, j2or<B= 122-2?0”80
— A= DY) — : B|=3.61 - -
B=-A=—-(a+jb)=—a—jb Bl 1 2 3 4 Real

<« | | | | | |
4 -3 2 -1'0NW <A =-3369°

<B=-33.69°-180° —j1-

For exponential (or polar form),

. A|=3.61
keep the magnitude the same, =21369° | -
but add or subtract 180° (or A=3-2
. -3k
radians) to the phase, !
_]4 -
\4
B=-A=—(Cel%) =—Celf =Ce/0*M
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Additionally, you can see from the complex plane that adding or
subtracting 360° (or 2m radians) to the phase of a complex number does
not affect it in any way.

Hence, two complex numbers, both written in exponential form, are
equal if, and only if, their amplitudes are equal and their angles are the
same or are equivalent. Equivalent angles are those which differ by
multiples of 360° (or multiples of 2r radians). For example,

(A =5 ejn/Z) = (B — 5 ej57T/2) = (c — 5 ej—Bn/Z)

Q3. Show that the complex conjugate of A = C e/% is A* = C e /7.
Hint: Use Euler’s identity.
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The third form for representing a complex number is polar form, which
is a short hand notation for the exponential form (it uses the same
magnitude and the same phase as the exponential form). Hence, a
complex number in the exponential form,

A =53
is written in the polar form as,

A =5235°

The name comes from the ability to represent the complex number as a
point in the polar coordinate system.
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The transformation between rectangular and polar from is similar to the
transformation between the rectangular and exponential form,

A=2-j5=539¢7/%82° =539 £1_68.2°
Here is a summary of the conversion equations

A =a+jb=Re{A} +jIm{A} = Ccos @ + jCsin@ = C e/®
. _1(b b
=Ja2+b2e/ " @ =cro= Vva?+b? £tan™? (E)

Many times, it is more intuitive to think about the magnitude and phase
of a complex number rather than its real and imaginary parts. Also,
multiplication and division are easier to perform using the exponential
(or polar) forms.
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Multiplication
Multiply the two magnitudes and add the individual angles.

Example:
A=26212°=26¢e7
B=0522-65°=52¢7 /6
Solution:
AB=AXB=A-B=(26¢e/1%)(52e7%") = 2.6 X 5.2 x ¢/(127-65%
AB =13.52e77°% =13.52 £-53°

O8]
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Division
Divide the two magnitudes and subtract the angles (no need to use the
complex conjugate). Example:
A=26212°=26e""
B=52,-65°=52e7/%
Solution:
A 26e% 26

BTt aer —5g0 ) =058 =05277°

For addition and subtraction, it is easier to convert the complex
numbers into rectangular form, add or subtract, then convert back.
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Q4. Determine B = (2.6 £12°)*
Q4. Solution. The polar form is similar to the exponential form,
B = (2.6 ¢/12°)" = (2.6)*(/12°)" = (2.6)* eJ¥¥12°
B = 45.7 e/*8" = 45.7 £48°
Q5. Determine M = In(5.2 £—65°)
Q5. Solution. Using the exponential form,

M = In(5.2 2—65°) = In(5.2 ¢7/%%°) = In(5.2) + In(e~/¢5°)

M = In(5.2) + —j65° X = 1.6487 — j1.1345

180°
M = 2.0 £-34.53°
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